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Abstract. We prove that if a closed oriented 4-manifold X fibers over a 
2- or 3-dimensionaI manifold, in most cases all of its virtual Betti numbers are 
infinite. In turn, we show that a closed oriented 4-manifold X which is not a 
tower of torus bundles and fibering over a 2- or 3-dimensional manifold does 
not admit a torsion symplectic canonical class, nor is of Kodaira dimension 



1. Introduction 

Let X be a 4-manifold which is closed, smooth, and oriented. For any i ^ 0,A, 
the virtual Betti number bi of X, denoted by vbi{X), is defined as the supremum 
taken over the set of «-th Betti numbers of finite covers of X, so it takes values in 
N U {+oo}. We define the virtual 6 J and 6^ of X similarly. On the other hand, 
X is said to be fibered if it admits a surjective submersion onto a fc-dimensional 
manifold, which therefore defines a fiber bundle over the target manifold with fibers 
of dimension 4 — A; by the celebrated theorem of Ehrcsmann, where we assume that 

k is non-zero. We will often encode a fibration in the form A '-^ X ^ B, specifying 
the base B, the fiber A, and the fibration map / on X. 

Our first theorem shows that virtual Betti numbers of fibered 4- manifolds demon- 
strate a similar behavior to that of lower dimensional manifolds in many cases: 

Main Theorem. Let X be a closed smooth oriented 4-manifold. If X is 

• an bundle over a 3-manifold N which is a nontrivial connected sum of 
non-spherical 3-manifolds, or is an irreducible 3-manifold not covered by a 
torus bundle, or 

• a genus g surface bundle over a genus h surface with gh ^ or 1, 
then vbi{X),vb2{X),vb^{X),vb2iX),vb3{X) are aU -|-oo. 

0We shall note the case of bundles over 3-manifolds follows rather easily using 
the virtual properties of 3-manifold groups (see Proposition [3] below) . One can 
in fact extend the first case so as to cover all connected sums of 3-manifolds but 
MP'^#RP'^, leading the desired result, though for the main purposes of this note 
(namely proving that the virtual Betti numbers of surface bundles are infinite and 
the Second Main Theorem that follows) we will be content with the statement 
as it is. All the other hypotheses on the 4-manifold X in the statement of the 



^Upon sharing a draft of this article, Stefan Fricdl kindly informed us that Stefano Vidussi 
and himself have a preprint in preparation which contains an independent proof of vbi = +oo for 
surface bundles over surfaces with the obvious exceptions. 
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theorem are necessary: When X is an bundle over a 3-manifold covered by a 
torus bundle, a bundle over (when g/i = 1), or a ruled surface over a surface 
(when gh = 0), a finite index subgroup of t:i{X) is solvable with derived series of 
length at most four, and so is any finite index subgroup H of it, which implies that 
the abelianization of H has rank < 4. If we remove the assumption on fiberedness, 
we can for instance take any simply-connected symplectic 4-manifold X which will 
therefore have vbi{X) — 0. Finally, if we remove either one of the extra assumption 
for the fibrations, X = x L{p, 1), which fibers over both 5^ and L{p, 1), and has 
TTi{X) = Z Zp, is an example with vbi{X) — 1. 

Although a lot is known on the topology of symplectic 4-manifolds with torsion 
canonical class [3j [11] [121 [16], there are very few known examples: with the exception 
of the K3 surface, all known examples fiber over T^, or over bundles over S^, 
and thus all are towers of torus bundles (of any dimension between 1 and 4). One 
might therefore think that fibered 4-manifolds constitute a good pool of candidates 
to fish for more examples. We will show however, this is not the case: 

Second Main Theorem. A closed symplectic 4-manifold X with torsion canonical 
class does not fiber over a 2- or 3-dimensional manifold, unless it is a tower of torus 
bundles. 

In the case of X fibering over a 3-manifold, the theorem is due to Friedl and Vidussi 
[3]. We will reproduce their result taking a slightly different path, as discussed 
below. 

Two different fields of mathematics will get engaged in our proof of this theo- 
rem, through the following two beautiful theorems obtained via Gauge theory and 
geometric group theory, respectively: 

Theorem 1 (Bauer [3], Tian-Jun Li |12]). // the canonical class Ki^ of the sym- 
plectic A-manifold {X,io) is torsion, then bi{X) < 4. 

Theorem 2 (Agol 1 , Kojima [8 , Luecke [13]). If N is a closed orientahle irre- 
ducible 3-manifold which is not a graph manifold, then it admits finite covers with 
arbitrarily large first Betti numbers. 

The existence of the finite coverings with arbitrarily large Betti numbers promised 
in the Main Theorem will be established via "dimensional reductions" prescribed 
by the fibering, where the Theorem [2] will play a key role. Almost in all cases, the 
arguments can be presented in terms of group theoretic properties of t:i{X) of a 
fibered 4-manifold X, which is an extension of the fundamental group of the base 
by that of the fiber. Nevertheless, we will describe the coverings explicitly, so as to 
provide more geometric insight to the situation. 

The Main Theorem will then imply the Second Main Theorem: Assume that 
X is an bundle over a 3-manifold N with euler class e. If e is torsion, Hi{N) 
contains a non-trivial torsion subgroup, which we can realize as the image of a 
normal subgroup H of 7ri(7V) under the abelianization map. Let N be the covering 

of N associated to H. It is then easy to see that the pull-back bundle S"^ ^ X ^ N 
has trivial Euler class, so X = x N . Since X is a finite cover of a symplectic 
4-manifold X, it is symplectic itself. Thus, we can assume that X is an 5*^ bundle 
over N with non-torsion euler class e to begin with. However, as shown in [El [4], 
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the existence of a symplectic form on X then imphes that N is either x S*^ or 
irreducible. The former would force X to have a non-torsion canonical class, so we 
can take iV to be irreducible. Here bi{N) = fo^(X) + 1 > 2 by the symplecticity of 
X, so iV can be covered by a torus bundle only if it is a tower of torus bundles |17) . 
which is not possible by our assumption on X . On the other hand, if X is a genus 
g surface bundle over a genus h surface, then gh ^ 1 hy our assumption on the 
topology of X, and gh ^ 0, since otherwise we would have a ruled symplectic surface 
which always has non-torsion symplectic class. Hence, no matter if X fibers over 
a 2- or 3-dimensional manifold, the conditions of the Main Theorem are satisfied, 
so we have vbi{X) — +oo. For any finite cover X of a symplectic 4-manifold X 
with torsion canonical class, the pull-back symplectic form on X will also have 
torsion canonical class. However by Theorem [U this is impossible, once bi{X) > 4, 
completing the proof of the Second Main Theorem. 

The organization of our paper is as follows: We first prove the Main Theorem in 
the two cases; when X is an 5'^-bundle over a 3-manifold or a surface bundle over 
a surface. We will then make a short digression into the minimality of symplectic 
fibered 4-manifolds. Lastly, we will show that the statement of our Second Main 
Theorem holds verbatim for symplectic 4-manifolds with Kodaira dimension zero, 
and discuss how to shorten our proof and improve our results in this particular 
case. 

Acknowledgements. We would like to thank Neil Hoffman and Koji Fujiwara for 
helpful discussions. We also thank Stefan Friedl and Josef Dorfmeister for very 
helpful comments on an earlier version of this paper. The author was partially 
supported by the NSF grant DMS-0906912. 



2. Proofs 

All manifolds that appear below are assumed to be closed, smooth, and oriented, 
whereas the maps are smooth. 

2.1. The proof of the Main Theorem. 

Our proof will be given in two respective cases marked by the dimensions of the 
target of the fibration. 

Fibering over a 3-manifold. 

A complete treatment of this case when the base 3-manifold is irreducible, di- 
rected towards proving the corresponding statement in the Second Main Theorem, 
is already present in [6]. We will give a short proof using Theorem[2l which immedi- 
ately implies the authors' main result thanks to the strong constraints of Theorem[T] 
This result will also be needed to handle the case of surface bundles over surfaces 
below. 

Proposition 3. Let X be an bundle over a 3-manifold N. If vbi{N) = +oo, 
then vbi{X) = +oo. 
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Proof. Assume that vbi{N) = +00. Corresponding to each covering of we 
have a covering X of X, which is an bundle over A^. Hence bi{X) > bi{N), and 
vbi{N) = +00 imphes vbi{X) = +00. □ 

Let us now show that Proposition [3] holds under the assumptions we have made 
in the Main Theorem. First assume that A^ is an irreducible 3-manifold. We claim 
that A^, being an irreducible 3-manifold not covered by a torus bundle implies that 
it always admits a finite cover A^ with arbitrarily large 61: First suppose that A^ is 
a graph manifold. Then, with the above assumptions in hand, the work of Kojima 
in [S] implies that A^ can be covered by a 3-manifold with arbitrarily large bi. On 
the other hand, if we suppose that A^ is not a graph manifold, we can then employ 
Theorem [5] to obtain the desired covers of A^. 

Now if A^ is a connected sum of non-spherical 3-manifolds A^i and A'^2 (and 
possibly some others), there is a finite cover A^' of A^ with summands covering 
Ni and having bi{Nl) > 1 for each i = 1,2. For any m > 1, we can take a degree 
m cover of say A^( to produce a degree m covering A^ of A^' with m N2 summands 
so that bi{N) > m. Since A^ is also a finite covering of A^, we are done. 

Fibering over a surface. 

Now let F ^ X B he a surface bundle over a surface with = Eg and 
B = E;i, where at least one of g or h is greater than one, by our assumptions on 
the topology of A0 

For what follows, let us first recall that Hi{X) surjects onto Hi{B), so 61(A) > 
2h. If /i > 2, for any n > 1, we can take an n-fold covering B of the base B and 
construct a pull-back bundle X. Then bi{X) > bi{B) = 1-1- n{h — 1), which is 
strictly increasing in n. 

So we are down to one case: g > 2 and h = 1. Note that X admits a Thurston 
symplectic form, and so does any covering of it. Here X is uniquely determined by 
the monodromy homomorphism /i : 7ri(T^) — > Mod(i^), the mapping class group 
of = Eg. In turn, fi is determined by a commuting pair of elements A,B in 
Mod(F), the images of a pair of generators of a, b for 7ri(T^) = under ^. What 
matters for our analysis (as it will become evident shortly) is the type of these two 
elements A and B; whether they are periodic, reducible, or pseudo-Anosov. For a 
description of these mapping class types and the basic facts we invoke below, the 
reader can turn to 7 . 

If either one of A or B is periodic, say A, we can pass to a pull-back cover 
which is now an F bundle over with monodromy fl prescribed by A = 1 and B. 
Choosing identity as the representative for the first mapping class element, we can 
see that this cover is diffeomorphic to times an F bundle over S^, and so is an 

bundle over a 3-manifold. Hence, without loss of generality, we can assume that 
neither A nor B is periodic (and not identity in particular) to begin with. 



The assumption on the symplecticity of X is almost intrinsic here; unless it is a bundle 
over a S^, X can always be equipped with a symplectic form via the Thurston construction. We 
do not however assume that the given form is necessarily of Thurston type, i.e. compatible with 
the fibration. 
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Since a reducible element does not commute with a pseudo-Anosov element, we 
are left with two possibilities: Either A and B are both pseudo-Anosovs or both 
reducible. 

In the former case, it is known that the two elements then have a common root 
in Mod(F), so A = rf^ , B = for some non-zero m, n. If we take the finite index 
subgroup of 7ri(r^) generated by the elements ma — nb and b, the pull-back bundle 
corresponding to it has monodromy (factoring through /i) prescribed by the pair of 
elements A' = 7^™"-"™ = 1 and B' = rf^ . So we once again have times an F 
bundle over . 

In the latter case, we can pass to a pull-back cover if necessary so that A and B 
are both pure, i.e. they fix a disjoint, non-empty collection of curves on the nose. 
Two pure reducible elements in Mod(i^) commute only if there is at least one curve 
a on F they both fix. 

Assume for now that a is non-separating. There is a finite covering p: F ^ F 
which lifts a to n disjoint loops ai, . . . , a„ representing distinct primitive homology 
classes which can be completed to a basis for Hi{F), where n can be taken arbitrar- 
ily large. As shown by Morita [T5l, Lemma 4.1], after passing to a pull-back cover 
(which in our case will be again over T^), one can fiberwise cover the latter by a 

surface bundle F '—^ X B, where the restriction to fibers are the prescribed cov- 
ering p: F F. (This can be regarded as a "characteristic cover" construction.) 
Since the monodromy of the pull-back bundle downstairs still fix a, the one upstairs 
fix the disjoint union of ai, . . . , a„. If needed, we can pass to a pull-back bundle 

(AT,/) of (A,/) which fix each ai, and therefore fix an n-dimensional subspace of 
Hi(F) spanned by the primitive homology classes [ai], for i = I, . . . ,n. Finally, if 
a was separating, we could first take a covering F ^ F so that the lift of a would 
be non-separating, and apply the above array of arguments. 

Now H"{B,Hi{F)) = H^{ni{B),Hi{F)) = {Hi{F)y^'^^\ which by Poincare 
duality is equal to H2{B,Hi{F)). Here {Hi{F)y^'^^^ denotes the stabilizer sub- 
group of Hi{F) under the monodromy action of tti{B). On the other hand, from 
the Leray-Serre spectral sequence of a fibration, we get an exact sequence 

. . . ^ H^{X) ^ H2{B,H^{F)) ^ Ho{B,H2{F)) ^ ... 

The kernel of the map H2{B,Hi{F)) Ho{B,H2{F)) is contained in the niiB) 
invariant subspace of Hi(F), which we have shown above to be of dimension at 
least n. However, Hq{B, H2{F)) = Z, so we see that the rank of H^{X) = H^{X) 
is at least n — 1, which implies that 61(A) > n — 1. Taking n arbitrarily large gives 
the desired covers of A. 

Hence we see that in all these cases, vbi{X) = +00. 

Finishing the proof. 

We have now proved our claim for the vbi(X). By the Poincare duality 
1163 (A) = -l-oo as well. For the remaining Betti numbers, recall that the Euler 
characteristic and the signature are multiplicative under coverings. So, if we have 
e{X) = = o-(A), then ti6i(A) = -f 00 implies vb2{X), w6j(A), u&^(A) are all +00. 
This condition holds in the majority of the cases: all bundles over 3-manifolds, 
and surface bundles with base or fiber (as well as all 3-manifold bundles over 
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S^) have vanishing Euler characteristic and signature. For surface bundles with 
fiber and base genera at least two, if Xm is a covering of X obtained via an m-fold 
cover of the base, then from the Euler characteristic and the signature formulae for 
the covers we deduce that 

b+{Xm) = m{b+{X) - 1) + 1 , and b^{Xm) = m{b^{X) - 1) + 1 . 

So both and (Xm) are strictly increasing in to, provided b2 {X),b2 {X) 

are greater than one. Since X admits a symplectic form in this case, and is minimal 
(see the next subsection), we have cf(X, w) > 0, yielding 

< 2e(X) + 3cr(X) =A-Abi{X) + 5b+{X) - b^iX), 

which implies 

b+{X)>^ib^iX)~l)>^{2h~l). 

So b^iX) > 3. The same holds when we reverse the orientation, so (X) > 3, 
too. Hence u6j(X), u62^(X), and therefore vb2{X) are all +00. 

It is easy to see that in the case of ruled surfaces, i.e. when we have a surface 
bundle over a surface with base or fiber 5^, the middle dimensional Betti numbers 
of the coverings do not change. 

Remark 4. Similar results can be seen to hold for a (symplectic) 4-manifold X 
fibering over in many cases. For instance, if the associated monodromy /i of 

M ^ X ^ is finite, we can pass to a finite cover X of X which is a product 
M X S^, where M is a finite cover of M, and apply the above results. Such 
a condition on the monodromy is satisfied when M is an irreducible 3-manifold 
with only hyperbolic pieces in its JSJ decomposition |2j. However, due to the 
rich structure of mapping class groups of 3-manifolds, settling these questions for 
mapping tori of 3-manifolds appears to be a more subtle task when the fibers are 
reducible. 

2.2. Minimality of symplectic fibered 4-manifolds. 

Let X be a any symplectic 4-manifold. If it is an S^-bundle over a 3-manifold N 
with non-torsion Euler class e, X is either aspherical or equal to S'^ x T^, following 
a slight modification of the argument in [14j given in [4]. If e is torsion, as discussed 
in the introduction, we can pass to a covering X of X which is an bundle over 
N with trivial Euler class, where TV is a finite cover of N. So the above argument 
applies — since Tr2{X) ~ 7r2{X). 

If X is a genus g surface bundle over a genus h surface, the same holds, provided 
g,h > 1, which can be seen from the homotopy long exact sequence of the fibration. 
When gh = 0, X is a ruled surface, so non-minimal only if it is S'^xS^ = CP^#CP^ . 

Now if X fibers over S-^, it is not aspherical unless the fiber M is. Nevertheless, 
we can take a closer look at H2{X) via the exact sequence 

1 ^ Coker(/, - 1)U,(M) ^ H2{X) ^ Ker(/, - 1)\h,(m) ^ 1 

which is derived from the Mayer- Vietoris sequence obtained using a splitting of the 
base circle into two intervals. We see that all the non-trivial classes in H2{X) are 
generated by the inclusions of the classes in H2{X), which are either in the cokernel 
of (/* — l)|/f2(M) or are dual to circles that are in the kernel of (/, — i)\Hi{M)- So 
every class in H2{X) has even self-intersection. We conclude that 
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Proposition 5. // a fibered A-manifold X admits a symplectic form, then it is 
minimal, unless X — S^xS^. 

2.3. Symplectic 4-manifolds of Kodaira dimension zero. 

Recall that a symplectic 4-manifold {X, lu) is said to have Kodaira dimension 
zero, if [uj] ■ K — K ■ K — 0. It turns out that for minimal symplectic 4-manifolds, 
these are precisely the ones with torsion symplectic canonical class [11]. So our 
Second Main Theorem could be rephrased for symplectic 4-manifolds of Kodaira 
dimension zero, for we have seen above that symplectic fibered 4-manifolds are 
minimal, except when X = S'^xS'^ which, along with any ruled surface, does not 
admit a torsion symplectic canonical class. 

If aimed to obtain this result on Kodaira dimension zero symplectic 4-manifolds 
alone, only one step in our proof above could be bypassed, essentially by invoking a 
more advanced result. While dealing with surface bundles, we had to make a case by 
case analysis for commuting pairs of mapping class group elements, so as to handle 
genus g > 2 bundles over T^. As shown by Tian-Jun Li, the Kodaira dimension 
of a minimal symplectic 4-manifold is an oriented diffeomorphism invariant |1H 
Theorem 2.4]. So we can run the argument for a Thurston symplectic form instead 
to arrive at the desired conclusion, since the canonical class of this form is non- 
torsion, as easily seen from the adjunction. 

Also note that the proof for surface bundles can be easily extended over Lefschetz 

fibrations over positive genera. When F ^ X ^ B is a genus g Lefschetz fibration 
over a genus h > 1 surface, Hi{X) still surjects onto Hi(B). For h > 2, one can 
construct pull-back bundles as above to argue that vbi{X) = -|-oo. li h = 1, since 
bi{X) > 0, once again a{X) = 0, as observed both in 3^ and [11 . On the other 
hand, the Euler characteristic calculation gives 

b+iX) = 2(g - l){h ^l) + ^+b,{X)~ 1, 

where n is the number of critical points. So n = and we indeed have a surface 
bundle over a surface as before. 

Remark 6. A similar study for surface bundles and Lefschetz fibrations is carried 
out in [5], where the authors treat the trickiest case of surface bundles over 
by invoking the subadditivity of Kodaira dimensions result from |10) . Although 
apparent when the symplectic form on X is compatible with the fibration, it is 
not immediately clear why the subadditivity works for arbitrary symplectic forms. 
However, the desired result follows as above by invoking Li's theorem in [TT| and 
running the argument for a Thurston (or Thurston- Gompf in the case of a Lefschetz 
fibration) symplectic form instead. 

Remark 7. Now that we have completed the proof of the Second Main Theorem, 
let us highlight at which points in the proof we have used the assumption that X 
was symplectic. Whenever we reduced our analysis to the case of an bundle 
over a 3-manifold iV, the symplecticity assumption was invoked to show that N 
was irreducible. A close look at McCarthy's proof in [14] of this fact would reveal 
that this condition can be replaced by the condition that all finite covers of X have 
non-trivial Seiberg-Witten invariants, which is certainly true when X is symplectic. 
For surface bundles, the symplecticity assumption was rather intrinsic, since except 
for bundles over with h > 2, the total space X of any such bundle admits 
a symplectic structure. In summary, it is plausible that one can replace the as- 
sumption on symplecticity by the non- vanishing of Seiberg-Witten invariants of all 
covers of X, which a priori is a property attained by a broader class of 4-manifolds. 



8 



R. i. BAYKUR 



References 

[1] I. Agol, "The virtual Haken conjecture," with an appendix by I. Agol, D. Groves, J. Man- 
ning, preprint (2012). 
[2] R.I. Baykur and S. Priedl, "Virtually symplectic fibered 4-manifolds" , preprint. 
[3] S. Bauer, "Almost complex 4-manifolds with vanishing first Chern class," J. Differential 

Geom. 79 (2008), no. 1, 25-32. 
[4] J. Bowden, "The topology of symplectic circle bundles," Trans. Amer. Math. Soc. 361 

(2009), no. 10, 5457-5468. 
[5] J. Dorfmeister and W. Zhang, "The Kodaira dimension of Lefschetz fibrations," Asian J. 

Math. 13 (2009), no. 3, 341-357. 
[6] S. Priedl and S. Vidussi, "Symplectic 4-manifolds with K=0 and the Lubotzky alternative," 

Math. Res. Lett. 18 (2011), no. 3, 513-519. 
[7] N. Ivanov, Subgroups of Teichmiiller modular groups. Translations of Mathematical 

Monographs, 115. American Mathematical Society, Providence, Rl, 1992. xii+127 pp. 
[8] S. Kojima, "Finite covers of 3-manifolds containing essential surfaces of Euler characteristic 

= 0, " Proc. Amer. Math. Soe. 101 (1987), no. 4; 743-747. 
[9] T. J. Li "Smoothly embedded spheres in symplectic 4-manifolds," Proc. Amer. Math. Soc. 

127 (1999), no. 2, 609-613. 
[10] T.J. Li "Symplectic Parshin-AraJcelov inequality," Internat. Math. Res. Notices 2000, no. 

18, 941-954. 

[11] T. J. Li, "Symplectic 4-manifolds with Kodaira dimension zero," J. Diff. Geom. 74: 321-352 
(2006). 

[12] T. J. Li, "Quaternionic bundles and Betti numbers of symplectic 4-manifolds with Kodaira 

dimension zero". Int. Math. Res. Not. 2006, Art. ID 37385, 28 pp. 
[13] J. Lueeke, "Finite covers of 3-manifolds containing essential tori. Trans. Amer. Math. Soc. 

310 (1988), no. 1, 381-391. 
[14] J. D. McCarthy, "On the asphericity of a symplectic x 5^," Proc. Amer. Math. Soc. 

129 (2001), no. 1, 257-264. 
[15] S. Morita, "Charax;teristic classes of surfa<;e bundles," Invent. Math. 90 (1987), 551-577. 
[16] D. McDuff and D. Salamon, "A survey of symplectic 4-manifolds with = 1", Turkish J. 

Math. 20 (1996), no. 1, 47-60. 
[17] P. Scott, "The geometries of 3-manifolds," Bull. London Math. Soc. 15 (1983), no. 5, 401- 

487. 

Max Planck Institute for Mathematics, Bonn, Germany 
Department of Mathematics, Brandeis University, Waltham MA, USA 

E-mail address: baykurSmpim-bonn.mpg.de, baykur8brandeis.edu 



